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HARMONIC ANALYSIS ASSOCIATED WITH A GENERALIZED
BESSEL-STRUVE OPERATOR ON THE REAL LINE

A. ABOUELAZ *, A. ACHAK *, R. DAHER *, N. SAFOUANE *

Abstract. In this paper we consider a generalized Bessel-Struve operator l.,, on the real line,
which generalizes the Bessel-Struve operator [, we define the generalized Bessel-Struve intertwining
operator which turn out to be transmutation operator between [, , and the second derivative oper-

ator %. We build the generalized Weyl integral transform and we establish an inversion theorem
of the generalized Weyl integral transform. We exploit the generalized Bessel-Struve intertwining
operator and the generalized Weyl integral transform, firstly to develop a new harmonic analysis
on the real line corresponding to ln,n, and secondly to introduce and study the generalized Sonine

integral transform SZ;” We prove that Sa:g" is a transmutation operator from lo,n to lg,. As a

side result we prove Paley-Wiener theorem for the generalized Bessel-Struve transform associated

with the generalized Bessel-Struve operator.

I. INTRODUCTION

In this paper we consider the generalized Bessel-Struve oprator l,,, o > _71,
defined on R by

d*u 200+ 1 du 4n(a +n) (2 +4n + 1)
(1) Logule) = Ty o 2Ly A0 ), ) Gatdntl) )
where D = 22" 0 27" and n = 0,1,... . For n = 0, we regain the Bessel-Struve
operator
d*u 200+ 1 [du du
. lau(z) = S (2) + ——— |5 (2) = —(0)] .
) ) = T+ 252 S - S0

Through this paper, we provide a new harmonic analysis on the real line corre-
sponding to the generalized Bessel-Struve operator l, .
The outline of the content of this paper is as follows.
Section 2 is dedicated to some properties and results concerning the Bessel-Struve
transform.
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In section 3, we construct a pair of transmutation operators X, , and W, ,, after-
wards we exploit these transmutation operators to build a new harmonic analysis
on the real line corresponding to operator [, .

II. PRELIMINARIES

Throughout this paper assume o > ( > _71 We denote by

e E(R) the space of C* functions on R, provided with the topology of compact
convergence for all derivatives. That is the topology defined by the semi-
norms

Pam(f) = subrei—aa|fP(2)], a >0, m €N, and 0 < k < m.

e D,(R), the space of C* functions on R, which are supported in [—a,al,
equipped with the topology induced by E(R).

® D(R) =,~0 Da(R), endowed with inductive limit topology.

e L?(R) the class of measurable functions f on R for which || f||,. < 0o, where

T ( / |f<x>|prx\2a+1dm)” ifp<os,

and [| flloc.o = [[flloc = €55 supa>ol f ()]
d 1 d

e — = —— where — is the first derivative operator.
dz? 2z dx dx P

In this section we recall some facts about harmonic analysis related to the Bessel-
Struve operator [,. We cite here, as briefly as possible, only some properties. For
more details we refer to [2, 3.

For A € C, the differential equation:

lou(z) = Nu(x)
u(0) =1, w'(0) =

possesses a unique solution denoted ®,(Ax). This eigenfunction, called the Bessel-

(3)

Struve kernel, is given by:
O, (A\x) = jo(idz) — iha(idz), 2z €R.

jo and h, are respectively the normalized Bessel and Struve functions of index «
.These kernels are given as follows

+o00 k 2k

. (-1)" (3)

o =TI 1

Ja(z) =Tla+ )Zk!r(k+a+1)

k=0

and +oo E 2\ 2k+1
(-1" ()

h"‘(z):F(a+1);r(l§+§)r(§c+a+§)'
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The kernel ®,, possesses the following integral representation:

oI 1 ! \
(4) O, (Az) = <Oé—+)1/ (1 —t%)*"2eMdt, Vo € R, VAeC.
ﬁF(a + 5) 0
The Bessel-Struve intertwining operator on R denoted X, introduced by L. Kamoun
and M. Sifi in [3], is defined by:

(5) Xalf) () = a0 / (1— 2 f(et)dt . f € E(R), z € R,
where
(6) o = 2l'(a+1)

Vil (a+3)

The Bessel-Struve kernel @, is related to the exponential function by

(7) Ve eR, VYA€C, ®,(\r)=2X,(c")().

X, is a transmutation operator from [, into % and verifies
d2

8 loo Xy, =X, 0——.

(8) o 3

Theorem 1. The operator X, a > _71 is topological isomorphism from E(R) onto
itself. The inverse operator X' is given for all f € E(R) by
(i) fa=r+k keN, F <r<i
2/ d * 1
9 X_l — 7 \k+L / 2 t? T3 ()|t 2a+1dt )
O X0 = s [ e - o
(i) foe=5+k keN

(10 X)) = L ), 0 e B

o VT oy a2 Y W e

Definition 1. The Bessel-Struve transform is defined on LL(R) by

(11) VAER, Fps(f)(N) :/f(:r)@a(—i)\x)|a:|2°‘+ldx.
R

Proposition 1. If f € L1 (R) then 1FB.s (Moo < M fll1a-

Theorem 2. (Paley-Wiener) Let a > 0 and f a function in D,(R) then Fg g can
be extended to an analytic function on C that we denote again Fg ¢(f) verifying
VE €N, |Fjs(f)(2)] < Cel.
Definition 2. For f € LL(R) with bounded support, the integral transform W,,
given by
N(a+1) (™ ,  L.1
(12) Waf)w) = o [ = ey sgn(o)dy, @ € R\(0)
V(o + %) |z

is called Weyl integral transform associated with Bessel-Struve operator.
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Proposition 2. (i) W, is a bounded operator from LL(R) to L'(R), where
LY(R) is the space of lebesgue-integrable functions.
(ii) Let f be a function in E(R) and g a function in L,(R) with bounded support,
the operators X, and W, are related by the following relation

(13) /X MW“M_/f

(iii) Vf € LL(R), Fgg = F o Walf) where F is the classical Fourier transform
defined on L'(R) by

Flg)(N) = / g(z)ePedz.

We designate by K| the space of functions f infinitely differentiable on R* with
bounded support verifying for all n € N,

lim y"f(”)(y) and lim y"f" ( )

y—0— y—0t

exist.
Definition 3. We define the operator V, on Ky as follows

e Ifa=k+3i keN

Va0 = (-1 D

o]fa:k+7“,k€N,_71<r<%andfGKO

(=D '2yr [/“ 2 oy d
|

T(a+ DI —7) (y_x%T§%2

) (f(@), zeR

Vo(f)(z) = ) f(sgn(x)y)ydy| , © € R”.

x|
Proposition 3. Let f € Ky and g € E(R),

e the operators V,, and X' are related by the following relation

(14) /v mhﬂm—/f (z)da.

o V, and W, are related by the following relation
(15) Va(Wa(f)) = Wa(Va(f)) = [.

Definition 4. Let f be a continuous function on R. We define the Sonine integral
transform as in [4] by, for all x € R

(16) Sus(f)(z) = cla, B) / (1= )8 (ra)r 5,
where
(17) (o, B) = 2l (a+ 1)

I(B+ 1)l (a=p)
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Proposition 4. (i) The classical Sonine integral formula may be formulated as
follows

1
(18) ®a(Az) = C(Oz,ﬁ)/ (1 — 1377 Dy (Atx) >+ dt.
0
(ii) The Sonine integral transform verifies

(19) Sus(@®s(A)) (@) = Bu(Az), z€R.

(iii) For f a function of class C* on R, S,s(f) is a function of class C* on R
and

(20) Ve € R, 1a(Sas(f)) (@) = Sas(ls(f))(2)-

(iv) The Sonine integral transform is a topological isomorphism from E(R) onto
itself. Furthermore, it verifies

(21> SCM,B = Xa O Xgl.
(v) The inverse operator is
(22) Sk = Xyo X,

Definition 5. For f continuous function on R, with compact support, we define the
Dual Sonine transform denoted 'S, 5 by

ﬂ%ﬁwmw:cmxn/w@”—#wﬁﬁwﬂamuwm% rER.

||

Theorem 3. The dual Sonine transform verifies the following relations
for all f € D(R) and g € E(R), we have

()
| et s@lattas = [ 15,500

"Sas(f) = Va(Wal(f)).
]:g,s(f) = g,s of Sap(f)-

III. HARMONIC ANALYSIS ASSOCIATED WITH [, ,

Throughout this section assume a > 3 > ’71 and n=20,1,2,... . We denoted by
e M, the map defined by M, f(x) = z*"f(x).
o £,(R) (resp D, (R)) stand for the subspace of E(R) (resp. D(R)) consisting
of functions f such that
f0)=...= fe=1) =0.
e D,»(R)=D,(R)N E,(R) where a > 0.
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e L? (R) the class of measurable functions f on R for which
Hf”ppc,n = ||Mr_zlf||p,a+2n < Q.

i. Transmutation operators.

For A € C and x € R, put
(23) U an () = 27"® o 0n (A1)
where @5, is the Bessel-Struve kernel of index o + 2n.

Lemma 1. (i) The map M,, is a topological isomorphism
e from E(R) onto E,(R).
e from D(R) onto D,(R).
(i7) For all f € E(R)
(24) la,n o Mn(f) = Mn o loz+2n(f)'
Proof. Assertion (i) is easily checked (see [1]).

By (1) and (2) we have for any f € E(R),

200+ 1 » An(a+n)

(@ f) = ——5— @ f(z)) = (2a +dn + 1z~ £(0)

20+ 4n + 1
T

la,n(x%f)(x) = (:E%f)”-i-
- (£

= 2"lpyonf ().

which proves Assertion (ii). m

(f (@) - f’<o>>)

Proposition 5. (i) V¥, ., satisfies the differential equation
la,n\D)\,a,n - AQ\I’)\,a,n-
(11) Wy on possesses the following integral representation:
2l (e +2n+1)

1
Uy on(r) = xQ"/ 1—¢t? O‘+2”_%e)‘”’ctdt, VreR, VAeC.
ran(2) Vl(a +2n + 1) 0( )

Proof.
By (23)
Wy = My (Bian(A0),
using (3) and (24) we obtain
lon(Wran) = lano Mu(Poran(N.))
= M, olaion(@Paian(N))
= NMUan,

which proves (i). Statement (ii) follows from (4) and (23). m
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Definition 6. For f € E(R), we define the generalized Bessel-Struve intertwining
operator X, , by

Kol 1)) = sz [ (127 et S € B(R), o B
0

where aqyo, 15 given by (6).

Remark 1. o Forn =0, X, reduces to the Bessel-Struve intertwining oper-
ator.
e [t 1s easily checked that
(25) Xa,n - Mn o Xoa+2n'

e Due to (7), (23) and (25) we have
Uy an(z) = Xa’n(e’\‘)(x).
Proposition 6. X, ,, is a transmutation operator from l, , into % and verifies
d2
0 —.
dx?
Proof. It follows from (8), (25) and lemma 1 (ii) that
la,n o Xa,n - la,n o MnXa+2n

- Mn o la—l—QnXa—i—Qn

la,n o Xa,n = Xa,n

d2
= MnXa—i-Qn o @
d2
= Xan BRCE
m © dx?

Theorem 4. The operator X, , is an isomorphism from E(R) onto E,(R). The
inverse operator X} is gien for all f € E,(R) by

an

(i) fa=r+k keN, F <r<i

2\/m d e 1
0 = Frae e [ e e

(i) foe=5+k keN

B 22k+4n+1(k + 271)' d

Xond (@) = o () T @), v e R

Proof. A combination of (25), Lemma 1 and Theorem 1 shows that X, is an
isomorphism from E(R) onto E,(R). Let X the inverse operator of X, ,, we have

Xon(f) = (Ko )
Using (25) we can deduce that

Xon(f) = MuXagon ()
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(26) Xon(f) = XM ().

By (9) and (10) we obtain the desired result.
u

ii. The generalized Weyl integral transform.

Definition 7. For f € Li,n(R) with bounded support, the integral transform W, ,,
given by
+o0

Wan(f(x)) = aa+2n/ (y° — 332)”*2"’%y1’2"f(sgn(x)y)dy, z € R\{0}

||
is called the generalized Weyl integral transform associated with Bessel-Struve oper-
ator.

Remark 2. e By a change of variable, W, ,,f can be written

+oo
Wanf (z) = aayon a2 / (2= 1) 2 =2 (1) dt,  x e RN {0}
1
e [t 1s easily checked that
(27) Wa,n = Wa+2n o M;l

Proposition 7. W, is a bounded operator from L, ,(R) to L'(R), where L*(R) is
the space of lebesque-integrable.

Proof. Let f € L, (R), by Proposition 2 (i) we can find a positif constant C' such
that

”Wa—&-Qn(M;lf)Hl < C||M7_Llf||1,a+2n
Wan(Dll < Clfllvan:
By (27) we obtain the desired result. =

Proposition 8. Let f be a function in E(R) and g a function in L, ,(R) with
bounded support, the operators X, , and W, are related by the following relation

[ el D@at@la e = [ fWoanlo)@)d

www.irjes.com 79 | page



Harmonic Analysis Associated With A Generalized Bessel-Struve Operator On The Real Line

Proof. Using (25), (27) and Proposition 2 (ii) we obtain

/Xan g(x)|z]** dx = /./\/l Xoron(f)(@)g(2)|z|** T de
= [ Hn ()@@ e

— / Xa—l—?nf ) | |2a+4n+1d

= /f Waon( ))dx
- / F (&) Wan(g) (x)da.

Definition 8. We define the operator V,, on K, as follows
e Ifa=k+1 keNand f € K

22k+4n+1(k+2n>! . d . .
Vi (2) = (-1 A PR, € R

o Ifa=k+r, keN, <T<—

_ (= )k+12\/_ 2n = 2\—r—% d \piont *
Ve 5) = gy L 0 =) G Sn(al | € B

Remark 3. [t is easily checked that
(28) Va,n = Mn o Va+2n~

Proposition 9. Let f € Ky and g € E,(R), the operators V,,, and X, are related

n

by the following relation

[ Veat@al@laf s = [ £ g(a)da,
R R
Proof. A combination of (14), (26) and (28) shows that

/Rva»n(f (@)g (@)l = / Mo Voson(f (2))g(@) ] ** da
= /RxznVaan(l’)g(ﬂ?)]l’\mﬂdx
= /Va+2nf(x)£i>’$\2a+4”“dx

R x
= /f( )Xa-i}2n<gx<i>>d$

=/f X (g(x))d.
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Theorem 5. Let f € Ky, Vo, and W, are related by the following relation

an(Wam(f)) = Wa,n(vmn(f)) =
Proof. The result follows directly from Proposition 3.(15), (27) and (28). m

iii. The generalized Sonine integral transform.

Definition 9. Let f € E,,(R). We define the generalized Sonine integral transform
by, for all z € R
(29)

1
SE (@) = cla+ 20,6+ 2m)a2e ) [ (1 g S )y
0

where o > f > _71 and m, n two non-negative integers such that n > m. For

n=m =0, Sgg‘ reduces to the classical Sonine integral transform S, 3.

Remark 4. Due to (16) and (29)
(30) Sn:gn = Mn e} Sa+2n,ﬁ+2n e} M;Ll

[0}

In the next Proposition, we establish an analogue of Sonine formula

Proposition 10. We have the following relation
(31)

1
Uy an(z) = c(a+ 2n, B+ 2m)x2=m) / (1 — 2o f2m=m)=lg, o (to)t2PH2m gy,
0

Proof. A combination of (18) and (23) leads to the desired result. m

Remark 5. The following relation yields from relation (31)
Sas (Uasm())(@) = U an(z).

Theorem 6. The generalized Sonine integral transform SZ;’;( f) is an isomorphism
from E,,(R) onto E,(R) satisfying the intertwining relation

L (a5 (F))() = 5575 (Igm(f)) ().

Proof. An easily combination of (20), (24), (30), Lemma 1.(i) and Proposition 4
(iv) yields S; 5" (f) is an isomorphism from E,,(R) onto E,(R) and
lan(Sy5 (M)(@) = lanMn 0 Satanprom 0 M (f)(2)
= Mulaton(Savansram) © M) ()
= M, Saton8+2mlg+am © M;f(f)(x)
= MuSatangiom © Mg (f) (@)
= Sep Usm(f))(@).
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Theorem 7. The generalized Sonine transform is a topological isomorphism from
E.,.(R) onto E,(R). Furthermore, it verifies

Sug = Xamo Xy

the inverse operator is
(So5) ™ = Xgmo Xy

Proof. It follows from (25), (30), Lemma 1.(i) and Proposition 4 ((iv)-(v)) that
Sa's 1s a topological isomorphism from E,,(R) onto E,(R) and

Syg(f) = MuoSaionpromo My (f)
= MuXoyon © X5, M)
= Xyno0 X[;m(f).
For the inverse operator it is easily checked that
(Sog) ™t = Xgm o Xy
]

Definition 10. For f € D,(R) we define the dual generalized Sonine transform
denoted 'S, 5 by

(32)
tSZ;;n(f)CU) _ C(Oé + 271, 5 + 2m)x2m/ (y2 . $2)a7,3+2(n7m)71y172nf(Sgn(x>y)dy’

||

where x € R*.

Remark 6. Due to (32) and Definition 5 we have
(33> tSZ:gL = Mm tSa+2n,,B+2mMT:1-

Proposition 11. The dual generalized Sonine transform verifies the following rela-
tion for all f € D,(R) and g € E,,(R),

[ Suar@la s = [ @
Proof. A combination of (30), (33) and Theorem 3.(i) we get
[ Sip@@p@lef s = [ Myo S o Myl ()@ f@)aP o
— [ Susmnpean o M o) MG (D))l
[ M) Sz o MG @O
= /R M (9(2)) Satangrom 0 My (f)(x) |z da

- / g(2) S () ()| PP+
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Theorem 8. For all f € D,(R), we have
"Sai () = Vam(Waun(f))-
Proof. By (27), (28), (33) and Theorem 3 (ii), we get
SEE) = M SagangramM; ()
= MmVBJer(WaJanM;l)(f)
= Vam(Wan(f)).

iv. Generalized Bessel-Struve transform.
Definition 11. The Generalized Bessel-Struve transform is defined on L}m(R) by
DER FEENN = [ F@Uian(o)lof do,
R

Remark 7. e [t follows from (11), (23) and Definition 11 that
fg:g = }"gjg%o./\/lfl where }"gjg?" 1s the Bessel-Struve transform of order

n

a+ 2n given by (11).

Proposition 12. If f € L, ,(R) then

(1) 1755 (Hlloo < N fll1,00m-
(ii) fg:g =F o Wap.

Proof. (i) By Remark 7 and Proposition 1, we have for all f € L, (R)
IF55(Nlle = 1755 (M )l
< HM;lf”l,aJr%
= [[fllan-
(ii) From (27), Remark 7 and Proposition 2.(iii), we have for all f € L, (R)
Fps(f) = Fp&m o M(f)
= F o Waszn(M,'(f))
= FoWanl(f).

Proposition 13. For all f € D,(R), we have the following decomposition
Fis(f) = Fps o 'Sap(f).
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Proof. It follows from (33), Remark 7 and Theorem 3.(iii) that
Fps(f) = Fp&" o MIN(S)
= ]_—g?m o "Satongrom o M (f)
= Fps "Ml o My o "Saian om0 M (f)
= Fhso 'S,
u

Theorem 9. (Paley-Wiener) Let a > 0 and f a function in D,,(R) then Fy's can
be extended to an analytic function on C that we denote again ]-"g:g(f) verifying

VE e N, |Fps(f)(2)] < Cel.
Proof. The result follows directly from Remark 7, Lemma 1(i) and Theorem 2. =
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